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A Noetherian ring integral over a central subring L$ is called injectively homogeneous if it has 
finite right injective dimension and the homological upper grades are equal for any two 
maximal ideals M and T with M n 8 = T fl 2. We show that this is a natural non-commutative 
analogue of Gorenstein rings. Among the properties shown are the Macaulay condition on 
X-sequences, stability under semiprime iocalisation and symmetry of the definition. Injective 
resolutions are described, as are examples. 
1. Introduction 
Let R be a (two-sided) Noetherian ring integral over a central subring 2:. Let I 
be an ideal of R, and define the upper grade of I by u.gr(l) = 
sup{n: Exti(X/Z, R) #O}. (Here, and in general, modules are right modules.) We 
say that R is (right) injectively homogeneous over 2 if R has finite right injective 
dimension and u.gr(M) = u.gr(T) for all maximal ideals A4 and T of R with 
A4 n ,C = T II Z. It is the aim of this paper to demonstrate that this is the natural 
extension to rings integral over their centres of the class of commutative Goren- 
stein rings, 
We do this by proving for injectively homogeneous rings versions of most of the 
basic properties of Gorenstein rings [1,2]. For example, we show (Theorem 3.4) 
that these rings are X-Macauiay, with rank(M) = u.gr(M) for all maximal ideals 
M, so that the results of [6, §4] can be applied to injectively homogeneous rings. 
This allows us to confirm that the injective homogeneity of R is an attribute 
unaffected by localisation at a semiprime ideal of 2, or by passage up or down a 
Z‘-sequence on R (Theorems 4.1, 4.2 and 4.3). The robustness under localisation 
leads to the description of a minimal injective resolution of the injectively 
homogeneous ring R (Theorem 5..5), generalising the main result of [Z] for 
Gorenstein rings. 
Examples of injectively homogeneous rings are given in Section 6. We examine 
behaviour under polynomial extensions (Theorem 6.2), and characterise injec- 
0022-4049/88/$3.50 @ 1988, Elsevier Science Publishers B.V. (North-Holland) 
66 K.A. Brown, C.R. Hajarnavis 
tively homogeneous group rings (Theorem 6.4). We show also that the homologi- 
tally homogeneous Noetherian rings of [4] are precisely the injectively homoge- 
neous rings of finite global dimension (Theorem 6.5). 
There is some redundancy in the definition of right injective homogeneity given 
above. Thus, R is right injectively homogeneous over 2 if and only if it is right 
injectively homogeneous over its centre (Corollary 3.6), and R is right injectively 
homogeneous if and only if it is left injectively homogeneous (Corollary 4.4). We 
shall omit the relevant qualifying adjective and phrase after proving these results. 
If R is a local ring of finite injective dimension, it is, trivially, injectively 
homogeneous. For such rings, some of our results have been obtained by Ramras 
[15], and by MacEacharn [12]. Injectively homogeneous rings which are finite 
modules over their local centres have been studied by Vasconcelos [19], who 
called them moderated Gorenstein algebras, and proved part of Theorem 3.4, and 
Theorem 4.1, for this case. 
2. Notation and conventions 
All rings have an identity, subrings have the same identity. Modules are unital 
and are in general right modules. 
Let R be a ring with central subring C. An ordered set {x, . . . , x,,} of elements 
of _Y5 is a Z-sequence on R if c:= 1 n, R # R and each xi+ 1 is not a zero divisor on 
R/C:=, xjR. The grade of an ideal I of R, G,(Z) or G(Z), is the maximal length of 
a z-sequence contained in I. The ring R is S-Macaufay if G(M) = rank(M) for all 
maximal ideals M or R, where rank(M) is the height of M. For basic results 
regarding these concepts, see [6, 941. 
Let m be a semi-prime ideal of 2; we write R, to denote the ring obtained by 
localising R at the set JS\m. Let M be a right or left R-module. Then r.inj. 
dim(M), l.inj.dim(M) denote the right and left injective dimensions of M, 
respectively. The right projective dimension of M is denoted by p.dim(M). Our 
reference for standard homological results is [18]. We shall frequently use basic 
facts about right Noetherian rings integral over their centres, such as ‘lying over’ 
for prime ideals, without further comment. These facts can be found in [3], for 
example. 
3. Tests for injective homogeneity 
Lemma 3.1. Let R be a Noetherian ring integral over a central subring 2. Let 
t = max{u.gr(M): M a maximal ideal of R} . 
If X is a finitely generated right R-module with no simple submodules, then 
Ext;(X, R) = 0 f or all i L t. In particular, r.inj.dim(R) = t. 
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Proof. Without loss of generality we may take t < m. First assume that 2 is local. 
Suppose that X has Krull dimension 1. By hypothesis and [6, 3.4(ii)], there exists 
in the Jacobson radical of 2 an element x which is not a zero divisor on X. The 
exact sequence 
yields, for i 2 t, the exact sequence 
Ext;(X, R)zExt’,(X, R)*Ext,t’(XIXx, R) . 
By [lo, proof of 6.11, X/Xx is Artinian, so the right-hand term here is 0, by 
hypothesis. It follows from Nakayama’s Lemma, since Extk(X, R) is a finitely 
generated left R-module, that Extk(X, R) = 0. By induction we can extend this to 
the case when X has arbitrary Krull dimension. Now if ,Z is not local, let m be a 
maximal ideal of 2. By [18, 11.581 Exta(X, R), = 0 for all maximal ideals m of 2. 
Thus by [18, 3.80(i)], Exti(X, R) = 0 as required. q 
Corollary 3.2. Let R be a Noetherian ring integral over a central subring 2, with 
r.inj.dim(R) = t < =. Then R has Krull dimension at most t. 
Proof. Induct on t. If t = 0, then R is quasi-Frobenius and so Artinian. Now let 
t > 0 and suppose that the result holds for rings of right injective dimension less 
than t. Suppose that R has Krull dimension greater than t. Choose a non-maximal 
ideal p of C with rank(n) > t - 1, By Lemma 3.1, r.inj.dim(R,) 5 t - 1, con- 
tradicting the induction hypothesis. This proves the induction step. Cl 
The ring ( [ F), where F is a field, has injective dimension 1. This shows that 
the inequality in Corollary 3.2 can be strict. However, as we shall observe in 
Corollary 3.5 below, equality holds when R is homogeneous. 
Lemma 3.3. Let R be a Noetherian ring integral over a central subring 2, and let t 
be a non-negative integer. Then R is right injectively homogeneous with 
r.inj.dim(R) = te R, is right injectively homogeneous for all maximal ideals m of 
s:, and t = sup{r.inj.dim(R,,): rn a maximal ideal of Z}. 
Proof. ‘+‘. Let m be a maximal ideal of _Z and let M and T be two maximal ideals 
of R with M fI_X = T fI C = m. Since (RIM), = RIM, and ExtE(RIM, R) g 
ExtQ(R/M),, R,,) [18, 11.581, Ext;(RIM, R) =Ext;m(R,lM,, R,). 
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Similar remarks apply to T and T,, so, since R is right injectively homoge- 
neous, u.gr( T,,) = u.gr(M,,, j, as required. 
The proof is completed by Lemma 3.1. 
‘+‘. By Lemma 3.1, r.inj.dim(R) = t. That R is right injectively homogeneous 
now follows from the same isomorphisms as in the previous paragraph. 0 
Before proving the main theorem of this section, we recall the definition of the 
homological grade of an ideal I, gr(Z) = inf{ n: Exta(RIZ, R) # 0} . 
In general gr(Z) 2 G(Z) [4, 3.11. 
Theorem 3.4. Let R be a Noetherian ring integral over a central subring 2. Suppose 
that r.inj.dim(R) = n < M. Then the following are equivalent: 
(i) R is right injectively homogeneous; 
R. (ii) R 
is a X-Macaulay ring with u.gr(M) = G(M) for all maximal ideals M of 
‘(iii) f or a 11 maximal ideals M of R, r.inj.dim(R,,) = G(M) where m = M tl2. 
Proof. (i) 3 (ii). Let M be a maximal ideal of R and m = M n 2. By Lemma 3.3, 
[6, 3.41 and the fact that u.gr(M) = u.gr(M,), we can replace R by R,. So 
without loss of generality we may assume that 2 is local. Let x,, x2, , . . , xk be a 
maximal z-sequence in M. Then 
k 5 rank(M) 5 r.inj.dim(R) = u.gr(M) = n , (1) 
by [4, 3.31, Corollary 3.2 and Lemma 3.1 respectively. Put I= cF=, Rxi. By [6, 
3.4(ii)], R/Z contains a simple (right) submodule S. Setting Y = (RIZ)IS, we 
obtain the exact sequence 
Ext”,(RlZ, R)-,Ext;(S, R)+Ext”,+‘(Y, R), 
where the last term is 0 and the middle term non-zero, by hypothesis. Hence, 
Exti(RIZ, R) # 0. However, p.dim(RIZ) = k [5,4.11], and so n 5 k. Thus equali- 
ty holds in (l), as required. 
(ii) + (iii). Immediate from Lemma 3.1. 
(iii)+(i). Let M b e a maximal ideal of R, m = M n 2. By [4,3.1 and 3.41, 
r.inj.dim(R,,) 2 gr(M,,) 2 G(M,) = G(M) . 
By (iii), we have equality, so R, is right injectively homogeneous. Thus Lemma 
3.3 yields (1). 0 
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The first part of the following corollary follows from Theorem 3.4 and its proof. 
Part (ii) is a consequence of part (i) and Lemma 3.1. 
Corollary 3.5. Let R be a right i~ject~~~ely homoge~eo~ ring over a central subri~g 
2:. 
(i) Let M be a maximal ideal of R, m = A4 f-12. Then 
rank(m) = rank(M) = G(M) = u.gr(M) = gr(M) = r.inj.dim(R,) . 
(ii) r.inj.dim(R) = Krull dim(R) = Krull dim(Z). Cl 
The following analogue of 14, 2.71, which can be deduced from Corollary 3.5 by 
imitating the proof of the former result, will enable us to delete reference to the 
specific central subring A‘ with respect to which R is injectively homogeneous. 
Corollary 3.6. Let R be a Noetherian ring with centre Z. Let ,C be a subring of Z 
over which R is integral. Then R is right injectively homogeneous over Z if and 
only if R is right ~njectivezy homogeneous over 2. D 
4. Localisation and factors by X-sequences 
Theorem 4.1. Let R be right injectively homogeneous over a central subring 2. Let 
p be a semi~r~me ideal of 2 and let t be maximal amongst the ranks of the prime 
ideals of 2 which are minimal over p. Then the ring R, is right injectively 
homogeneous with r.inj,dim(R,,) = t. 
Proof. By [18, 11.58], r.inj.dim(R,) < =, and so by Lemma 3.3 p can without loss 
of generality be assumed to be prime. By Theorem 3.4 and [4, 3.31, R, is 
.Z:-Macaulay. Moreover, 
G(M) = rank(M) = t (2) 
for all maximal ideals iLf of R,, by 16, Lt.ll(ii)J. So by Theorem 3.4 it will be 
enough to show that r.inj.dim(R,) = t. That 
r.inj.dim(R,) 2 t (3) 
follows from (2) and Corollary 3.2. 
Let m be a maximal ideal of 2 containing p. By Lemma 3.3 we may localise at 
m and so assume that 2’ is local. Let n = no C pr C 1. . C p, = m be a saturated 
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chain of primes of C. By Corollary 3.5 and the fact that _Z satisfies the saturated 
chain condition, by Theorem 3.4 and [6, 5.21 
inj.dim(R) = rank(m) = r + t . (4) 
Now Lemma 3.1 shows that r.inj.dim(R~~) <r.inj.dim(R~j~,) for all i = 
0 r - 1. Hence, from (4), r.inj.dim(R,) CC t. The result follows from this and 
(3;: . b 
Theorem 4.2. Let R be a ~oetherian ring, right inje~tiveiy homogeneous over a 
central subring 2, with r.inj.dim(R) = n. Let {x,, . . . , xk} be a Z-sequence on R, 
and let R = Rl cfz, Rx,. Let no be maximal amongst the ranks of the maximal 
ideals of R containing cF=, Rx,. Then R is right objectively homo~eneo~ and 
r.inj.dim(R) = n, - k. 
Proof. Put I = cF=, Rxj, and let bars denote images in the ring R = R/I. Note that 
no 5 n by Corollary 3.2. By Lemma 3.3 we may locahse at m = RI fl Z‘, where M 
is a maximal ideal of rank ~1, containing I. That is, we may assume that q, = y1 and 
that C is local, Let T be any maximal ideal of R, so that T fl _S = m. Then 
u.gr(T) = gr(T) = n, by Corollary 3.5, so by Rees’ Extension Theorem 118, 11.661 _ - - 
Exti(R/T, R) is non-zero if and only if i = n - k. By Lemma 3.1, r.inj.dim(R) = 
n _ k. 
Moreover, R is x-Macaulay, by Theorem 3.4 and [4,4.1], and rank(?) = 
G(F) = n - k. The result therefore follows from Theorem 3.4. •1 
There is a partial converse to Theorem 4.2: 
Theorem 4.3. Let R be a Noetherian ring which is integral over a central subring C. 
Let {x1,. . * , xk} be elements of the Jacobson radical of .X forming a Z-sequence 
on R, and Let I = cp, Rx,. Suppose that l? = RII is right injectiveiy homogeneous 
with r.inj.dim(~) = t. Then R is right inje~tively homogeneous, and inj.dim(R) = 
t+ k. 
Proof. Let M and T be maximal ideals of R with M n .Z = T n 2’. Use bars to 
denote images in fi. By hypothesis, u.gr(a) = u.gr(T). By Rees’ Extension 
Theorem [lg, 11.661, u.gr(M) = k + u.gr(A?), and similarly for T. The result 
follows from Lemma 3.1. 0 
The next result allows us to omit the adjectives right or left when referring to 
injectively homogeneous rings in the remainder of the paper. In the special case 
where R is local and a finite module over its centre, it is due to Ramras [15,2.15]. 
Corollary 4.4. Let R be a Noetherian ring which is right injectively homogeneous 
with r.inj.dim(R) = n. The R is left injectively homogeneous and l.inj.dim(R) = n. 
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Proof. By Lemma 3.3 we may assume that the centre 2 of R is local, with 
Jacobson radical m, say. By Theorem 3.4, there is a maximal Z-sequence on R 
containing 12 elements of m, say {x, . . , xn}. The ring R= RI(Cy=, Rxi) has 
r.inj.dim(R) = 0, by Theorem 4.2. Thus R is a quasi-Frobenius ring [8, p. 1351, 
and in particular l.inj.dim(R) = 0. As in the proof of Theorem 4.3, the left upper 
grade of every maximal ideal of R is n, so Lemma 3.1 completes the proof. 0 
5. Quotient rings and injective resolutions 
Theorem 5.1. Let R be an injectively homogeneous ring, integral over the central 
subring 2. Let {x,, . . . , xk} be a Z-sequence in R. Then the classical quotient ring 
of R/(x:=, xiR) exists and is quasi-Frobenius. 
Corollary 5.2. If R is injectively homogeneous, then R has a quasi-Frobenius ring 
of quotients. 
Proof. In view of Theorem 4.2, it suffices to prove the corollary. By Theorem 3.4, 
R is X-Macaulay and so has an Artinian classical quotient ring Q by [6,4.13]. But 
Q is obtained by localising R at the nilpotent radical of 2, so by Theorem 4.1, Q 
is a ring of injective dimension 0. That is, Q is a quasi-Frobenius ring. 00 
The rest of this section is devoted to extending the main result of [2] to 
injectively homogeneous rings. 
Theorem 5.3. Let R be an injectively homogeneous ring. Let P be a prime ideal of 
R with rank P = t. Then as a right RIP-module, 
1 0 fori<t; 
an essential right ideal of RIP, 
Extk(RIP, R) z* for i = t; 
a torsion RI P-module 
for i > t. 
Proof. Let Z be the centre of R. Let {x,, . . . , x,} be a Z-sequence in R, 
contained in P. Let R = R/C;.=, xjR. For i < t the result is a consequence of Rees’ 
theorem [4, 3.11; and Extk(RIP, R) z HomE(RIP, R) by the same theorem. 
Now Pi c :_I x,R is a minimal prime of R and, by Theorem 5.1, R has a 
quasi-Frobenius quotient ring Q, with Q = I?,, where 55’ is the set of central 
regular elements of R. Now by [I89 3.841, Hom,(RIP, I?)% G 
Homa((RIP)@RQT QL and the case i = t now follows from standard properties 
of quasi-Frobenius rings - see [8, page 1361. 
Let n = P tl 2. By Theorem 4.1, inj.dim(R,) = t, so for i > t , 
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Ext;(R/P, R)p = Ext;n(R,IPp, RP) = 0, 
by 118, ll.%], proving the remainder of the theorem. q 
The proof of the next theorem requires an easy observation: 
Lemma 5.4. Let R be a Noetherian ring integral over a central subring 2, and let % 
be a multi~licative~y closed subset of Z - (0). Let B be a right R~rnod~~e and let 
be a minimai inje~tive resolution of B. Then 
is a minimal injective resolution of the X,-mod&e B,. 
Proof. The sequence (5) is exact [18, 3.741, and the R,-modules Ei, are injective 
[I, 1.21. It remains to prove that if X is an essential submodule of the R-module 
Y, then X, is essential in Y,. Here, one may as well assume Y (and so Y,) are 
injective. But essential extensions of %-torsion R-modules are %-torsion, since if 
c E %‘, then CR has the AR property in R 114, 11.221, so the %-torsion submodule 
W of Y is a direct summand, Y = W G3 V, say 
Thus Y, = V,, and clearly V, is an essential extension of (V II X), C X,, as 
required. 0. 
For R local and finite over its centre, the following generalisation of the main 
theorem of [2] was obtained by MacEacharn [12]. We denote the R-injective hull 
of X by ER(X). 
Theorem 5.5. Let R be injectively homogeneous with inj.dim(R) = n. Let 
O-+R-+ E,-+...+E,-+O (6) 
be a minimal injective resolution of R. For 0 5 i 5 n, 
Ei= c @ E,(RIP). 
rank(P)=i 
Proof. Since R is fully bounded Noetherian 17, 1.41, each Ei is a direct sum of 
indecomposible injectives Zi,j, each Z,,j being the hull of a uniform right ideal of a 
prime factor ring of R. Let P be a prime ideal of R with rank(P) = t, and set 
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p = P Cl Z, where 2 is the centre of R. In seeking the occurrences in (6 ) of the 
injective indecomposible I, with assassinator P, we are permitted by Lemma 5.4 
and Theorem 4.1 to localise at p. The result is now immediate from Theorem 
5.3. L? 
Note that it is clear from the definitions of injective homogeneity and of 
Ext-groups in terms of injective resolutions that the converse of Theorem 5.5 is 
true; that is, a Noetherian ring R, integral over its centre, which satisfies the 
~onclu.~io~ f Theorem 5.5 is inje~tive~y homogeneous. 
6. Examples of injectiveiy homogeneous rings 
Let R be a Noetherian ring integral over its centre, and suppose r.injdim(R) < 
CQ. It is clear that if R is Azumaya, or more gel~erally an ideal aigebra 1161, then R 
is injectiveiy homogeneous. Similarly, if R is local, the same conclusion holds. If 
R is injectively homogeneous and n is a positive integer, then the ring of II x n 
matrices over R is too. Provided we require R to be a finite module over its 
centre, polynomial extensions are equally well behaved, as we now demonstrate. 
First, we require a well known result for which we have been unable to find a 
suitable reference: 
Lemma 6.1. Ler R be a ~oetheria~ ring with r.inj.dim(R) = rr. Then 
r.inj.dim(R[X]) = n -I- 1 . 
Proof. We may assume y1 <x. Put S = R[X]. By [18,11.68], r.inj.dim~S) I n + 1. 
Let M be a right S-module. By [18, 11.651, Exti(M, @, S, S) s Extk(M,, S,) for 
all i, and these groups are zero for i > n since S is a free R-module, and R is 
Noetherian. The exact sequence of S-modules 
of [lS, 9.291, coupled with the above, shows that Exti(M, S) = 0 for i > n + 1. 
Thus r,inj.dim(S) c: IZ + 1. ci 
Theorem 6.2. Let R be ~nject~veZy homogeneous, with inj.dim(R) = n. Suppose R 
is a finite module over its centre Z. Let S = R[X] or R[X, X-‘1. Then S is 
irzjectiveiy homogeneous with injective dimension n + 1. 
Proof. Clearly S is a finite module over its centre C, where C is Z[X] or 
Z[X, X-j]. By Lemma 6.1, inj.dim(~) = IZ + 1. Let m be a maximal ideal of C, 
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let p=mf12, and let M,,. . . , M, be the maximal ideals of S lying over MI. By 
Lemma 3.3 we need only prove that S,,, is injectively homogeneous. 
By Theorem 3.4, R is Z-Macaulay, and so S is C-Macaulay, with 
G(M,) = rank(Mj) = rank(ll/l, n R) + 1 (7) 
for all i, by [4,‘7.1]. But, for all i, 
rank(M,) = rank(M,), T= inj.dim(S,,) , (8) 
by Corollary 3.2. Let % = ZQJ. Then, for all i, 
rank(n/l, fl R) = rank(p) = inj.dim(R,) , (9) 
by Theorems 4.1 and 3.4. Since S, is a localisation of R,[X] or of R,[X, X-l], 
inj.dim(~*~,) 5 inj.dim(~~) + 1 (10) 
by Lemma 6.1 and [lS, 11.581. 
Combining (7)-(10) shows that equality holds throughout, and so S,,, is 
injectively homogeneous, by Theorem 3.4. q 
Before characterising injectively homogeneous group rings, we make a more 
general observation. 
Lemma 6.3. Let S be a confutative ring and SG a group ring which is Noetherian 
apld integral over its centre. Then G is a ~n~tely generated, abelian-by-smite group 
and S is a Noetherian ring. 
Proof. If I C J are ideals of S, then ZG C JG are ideals of SC. Thus S is a 
Noetherian ring. Let A = {g E G : 1 G : C,(g)/ < m) be the FC-subgroup of G, [14, 
Chapter 4, $l]. The torsion elements of A form a locally finite normai subgroup of 
G. Denoting this by A’ = A’(G), the group A/A” is torsion-free abelian 114, 
4.1.5 and 4.1.61. Since SA’ and S(A/A’) are Noetherian, A’ is finite and A/A’ is 
finitely generated. By [14, 4.1.51, A is abelian-by-finite. Let T be the inverse 
image in G of A’(G/A). Since S(T/A) is Noetherian, and T/A is locally finite, T/A 
must be finite. By 114, 4.1.11, the centre z of SG lies in SA. The augmentation 
ideal of SG and the ideal of SG generated by the augmentation ideal of ST are 
both prime [14, 4.2.101. But the intersection of both these ideals with SA and 
hence with _X is identical. Now SG is integral over 2. So by incomparability 13, 
1.71, ?” must equal G. Thus G is a finitely generated abelian-by-finite group. q 
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Theorem 6.4. Let G be a group and iet S be a commutative ring. Then the 
following statements are equivalent: 
(i) SG is injectively homogeneous; 
(ii) SG is Noetherian, inj.dim(SG) < ~0, and SC is integral over its centre; 
(iii) SG is Noetherian, inj.dim(SG) CM, and SG is a finite module over its 
ten tre ; 
(iv) S is a (Noetherian) Gorenstein ring and G is finitely generated and 
abelian-by-finite. 
When these equivalent conditions hold, 
inj.dim(SG) = inj.dim(S) + h , 
where h is the rank of a maximal free abelian subgroup of G. 
Proof. (i) + (ii). Clear. 
(ii)e(iii)e(iv). For these implications, it is enough to prove (ii) + (iv), since 
if (iv) holds, then SG is a finite module over its centre by 114, proof of 4.1.101. So 
assume (ii). Since S is an image of SG, it is Noetherian. An injective SG-module 
is injective as an S-module, since SG is S-free, and so the free S-module SG has 
finite injective dimension. Thus inj.dim(S) < 00. 
Finally, the properties of G are given by Lemma 6.3. 
(iv)=+(i). Let A b e a torsion-free normal subgroup of finite index in G. The 
ring SG is a finite module over its centre [14, proof of 4.1.101, and is Noetherian 
[14, 10.2.81. By Lemma 6.1, inj.dim(SA) = n + h, where inj.dim(S) = IE. The 
functor -BSA SG from SA-modules to SG-modules preserves injectives [13, 
Lemma 21, so applying it to a minimal injective resolution of SA shows that 
inj.dim(SG) 5 n + h. Since, as SA-modules, SC is free of finite rank, there is in 
fact equality here. 
Let M be a maximal ideal of SG, and let M n S = nt. We shall show that the 
upper grade of M depends only on tn; in doing so, we may clearly invert S\m, so 
without loss of generality, assume that S is local. Let 
be a minimal injective resolution of SG. There are maximal ideals M,, . . . , M, of 
SA with M n SA = M, n . a .I? M, [17, Lemma 51. By 117, $8.1, especially Lemma 
291, and by 111, Theorem El], 
rank(M) = rank(M,) = n + h . (12) 
Suppose there is an El, 0 5 j < n + h, with M amongst its assassinators. Then, 
viewed as an SA-module, E, numbers some Mi amongst its assassinators. Since 
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(11) is an SA-injective resolution of a free fA-module of finite rank, it follows 
easily that for some i i j, 
Ext;,(SAlQ, SA) #O . (13) 
Since SA is injectively homogeneous by Theorem 6.2, (12) and (13) contradict 
Theorem 3.4. Thus, A4 is an assassinator of E,,+h only, and so u.gr(M) = II + h, as 
required. 0 
A commutative Noetherian regular ring is, of course, Gorenstein. The analogue 
of this observation in the present context is 
Theorem 6.5. The Noetherian ring R is homologically homogeneous e it is 
injectively homogeneous and has finite global dimension. 
Proof. ‘3’. Suppose that R is homologically homogeneous. Then R is integral 
over its centre, and has finite injective dimension. Let M and T be maximal ideals 
of R whose intersections with the centre are equal. 
Thus pr.dim(R/M) = pr.dim(RIT) = rz, say. Hence, there exists a cyclic right 
R-module X = R/l with Ext~(R~~, X) # 0, and Extk(R/M, Y) = 0 for all i > a 
and all right R-modules Y. The exact sequence O-+ I-, R+ X-+ 0 yields 
Ext;(RIM, R)-, Ext”,(RlM, X)+ 0, whence Ext;(RIM, R) # 0. Thus, 
u.gr(M) = IZ. Similarly, u.gr(T) = n. 
‘ + ‘. Suppose that R is injectively homogeneous, with finite global dimension. 
Let M and T be as above. Using exact sequences like those in the previous 
paragraph, one sees that pr.dim(R/~) = u.gr.(M) and pr.dim(R/if) = u.gr(T), 
as required. Cl 
From Theorem 6.5, Corollary 4.4 and [lS, 9.231 we deduce 
Corollary 6.6. A Noetherian ring R is right homologically homogeneous if and only 
if it is left homologically homogeneous. 
One can easily use Theorems 6.4 and 6.5 to improve ]4, 7.51 to a characterisa- 
tion of the homologically homogeneous group rings. We leave the details to the 
reader, noting only the result: The group ring SG is homologically homogeneous if 
and only if (i) S is a commutative Noetherian ring of finite global dimension, (ii) G 
is a Jinitely generated abelian-by-finite group, and (iii) the order of each element of 
finite order in G is a unit in S. 
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